In this paper, we theoretically study x-ray multiphoton ionization dynamics of heavy atoms taking into account relativistic and resonance effects. When an atom is exposed to an intense x-ray pulse generated by an x-ray free-electron laser (XFEL), it is ionized to a highly charged ion via a sequence of single-photon ionization and accompanying relaxation processes, and its final charge state is limited by the last ionic state that can be ionized by a single-photon ionization.
I. INTRODUCTION
The interaction between x-ray photon and matter is characterized by photoionization and accompanying relaxation processes. X-ray photoionization predominantly creates a hole in an inner shell of atoms, which subsequently relaxes via Auger decay or fluorescence. A series of decay processes, a so-called decay cascade, can occur if the hole is formed in a deep inner shell [1] [2] [3] [4] [5] . The interaction with x rays becomes rather complex when the sample is exposed to the unprecedentedly high fluence generated by x-ray free-electron lasers (XFELs) [6] [7] [8] [9] . Beyond the one-photon saturation fluence, which is the inverse of the single-photon ionization cross section [10] , a single atom can absorb more than one photon sequentially after or during decay cascades, and then it becomes a highly charged ion. In this sequential multiphoton ionization model, the final charge is determined by the last ionic state that can be ionized by one-photon ionization. This is called "direct one-photon ionization limit."
The straightforward sequential multiphoton ionization model has been solved with a rateequation approach [11, 12] and verified with a series of XFEL experiments on gas-phased atoms: light atoms such as Ne [11, 13] and Ar [14] , and heavy atoms such as Kr [15] and Xe [14, 16, 17] . For example, the calculated charge-state distribution (CSD) of Xe at 2 keV showed an excellent agreement with experimental data [16] . For Xe at 1.5 keV, however, the highest charge of the experimental CSD exceeded by far the theoretical prediction of the direct one-photon ionization limit [16] . To explain this discrepancy, it has been proposed that multiple resonant excitations followed by Auger-like decays, combined with the broad energy bandwidth of SASE XFEL pulses [6] , can drive further ionization beyond the direct one-photon ionization limit. This is called resonance-enabled or resonance-enhanced xray multiple ionization (REXMI) [15, 16] and this mechanism has been implemented in Refs. [18, 19] . Also the importance of single resonant excitation was found in the study of the Ne atom experimentally [11] and theoretically [20] .
When an x-ray photon with higher energy interacts with a heavy atom such as xenon, a deeper inner-shell electron is ionized. It induces not only more complicated ionization dynamics, but also it is expected that deep inner-shell energy levels are shifted and split due to relativistic effects. A recent study of Xe at 5.5 keV hinted at this, showing fairly good agreement between theory and experiment, but the theoretical prediction underestimated the yields of highly charged ions due to lack of relativistic effects [17] . To the best of our knowledge, a theoretical demonstration of the impact of relativistic effects on x-ray multiphoton ionization dynamics has not been reported yet.
Here we present how relativistic energy corrections and resonant excitations influence x-ray multiphoton ionization dynamics. For this purpose, we extend the xatom toolkit [21] [22] [23] . Our implementation allows us to turn on and off the relativistic effect and the resonance effect, separately. This allows us to explore the interplay between both classes of effects on x-ray multiphoton ionization dynamics. This paper is organized as follows. In Sec. II, we introduce our basic equations and notations, and then we formulate relativistic energy corrections, cross sections, and rates. We also discuss how to simulate x-ray multiphoton ionization dynamics by using a Monte-Carlo approach [24] , emphasizing the numerical challenge to handle an extremely large configurational space when resonant excitations are included. In Sec. III, we present calculations of CSDs for Xe at 1.5 keV and 5.5 keV, which correspond to XFEL experiments conducted at LCLS [16] and SACLA [17] , respectively, and discuss both relativistic and resonance effects on x-ray multiphoton ionization dynamics. In Sec. IV, we conclude and give future perspectives.
II. THEORY AND NUMERICAL DETAILS
In this section, we start with the non-relativistic Hartree-Fock-Slater (HFS) equation and provide relativistic energy corrections to the orbital energy levels. These are used to calculate photoionization cross sections, Auger rates, fluorescence rates, and resonant photoexcitation cross sections including relativistic effects. This relativistic framework is implemented as an extension of the xatom toolkit [21] [22] [23] . The basic framework can be found in Ref. [25] . All formulas below can be derived with standard angular-momentum algebra [26] . At the end of this section, we will discuss numerical challenges to simulate x-ray multiphoton ionization dynamics when taking into consideration relativistic and resonance effects.
A. Non-relativistic Hartree-Fock-Slater equation
We start from a non-relativistic treatment based on the Hartree-Fock-Slater (HFS) method. The effective one-electron Schrödinger equation for an atom is
Atomic units are used unless specified otherwise. The potential V (r) is written as
where Z is the nuclear charge of the atom, and the exchange potential V x (r) is approximated by the Slater exchange potential [27] ,
The electronic density ρ(r) is given by
where ψ i (r) represents the spin-orbital of the ith electron, and the summation runs over the number of electrons N elec . We employ a spherically symmetric electronic density, i.e., ρ(r) → ρ(r), then the potential becomes also spherically symmetric: V (r) → V (r). In addition, we use the Latter tail correction [28] to obtain the proper long-range potential for both occupied and unoccupied orbitals. Hence, the spherically symmetric potential is given by
for r < r c ,
where r c is determined such that V (r) is continuous at r = r c .
Let us consider a spin-orbital ψ i (r) given in nlm l m s representation, where n, l, m l , and m s are the principal quantum number, the orbital angular momentum quantum number, the associated projection quantum number, and the spin magnetic quantum number, respectively.
It is then written as
where Y lm l (Ω) is a spherical harmonic and χ ms is a Pauli two-component spinor. The function u nl (r) satisfies the radial part of the HFS equation of Eq. (1),
To solve the HFS eigenvalue problem of Eq. (7), we employ the generalized pseudospectral (GPS) method based on the Legendre polynomials [29] . Let r max be the maximum radius in the numerical calculation. The spatial coordinate r ∈ [0, r max ] is then mapped onto the finite range x ∈ [−1, 1] by the following relation,
where L is a mapping parameter to tune the distribution of the grid points. A small value of L gives us dense grid points near the origin, and a large value of L gives a more uniform distribution of grid points in the interval [0, r max ]. The solutions are required to satisfy the boundary conditions u nl (0) = u nl (r max ) = 0. The wave functions of initially occupied orbitals are localized near the origin. On the other hand, multiple resonant excitations can excite several electrons to high-n Rydberg states that tend to have large amplitudes away from the origin. An optimal L needs to be chosen to accurately describe both of them.
B. Relativistic energy corrections
We treat relativistic effects within first-order degenerate perturbation theory [30] . The effective one-body relativistic Hamiltonian for two-component spinors is given by [31] H =Ĥ 0 +Ĥ mass +Ĥ dar +Ĥ so ,
whereĤ 0 is the non-relativistic Hamiltonian given in Eq. (1) as the unperturbed term,
The rest (Ĥ ′ =Ĥ mass +Ĥ dar +Ĥ so ) are the leading-order relativistic corrections, which we treat as perturbations. The relativistic energy corrections are calculated with these perturbative terms and the non-relativistic spin-orbitals of Eq. (6) . The first is the mass
wherep is the canonical momentum operator and α is the fine structure constant (α = 1/c, where c is the speed of light). The mass term represents the relativistic mass correction for an electron orbiting at a speed close to c. The second is the Darwin term,
which may be interpreted in terms of Zitterbewegung [32] . The last is the spin-orbit coupling
Let the operatorĵ be the sum of the orbital angular momentum operatorl and the spin angular momentum operatorŝ, thenĵ =l +ŝ. In the following, we introduce the nljm representation of a spin-orbital,
to calculate relativistic energy corrections and rates. Here the symbol C(lsj; m l m s m) rep-
). The spin-orbital φ nljm (r) is a simultaneous eigenfunction ofl 2 ,ŝ 2 ,ĵ 2 , andĵ z . LetÔ be an operator that is independent of angular degrees of freedom. Then,
where
and u nl (r) is an eigenfunction of Eq. (7). We evaluate the matrix elements of Eqs. (11) in the nljm representation of Eq. (12) with the use of Eq. (7). Then, the relativistic energy shifts are given by
Therefore, an orbital energy level including relativistic energy corrections in the nljm representation is given by Ref. [30] , respectively. Substituting these values into Eq. (15), the relativistic 1s 1/2 orbital energy agrees with that in Refs. [30, 33, 34 ] to within 0.2%. Overall, our calculated orbital energies agree with the reference values to within better than 10%. The same set of numerical parameters is used in the following subsections for calculating cross sections and rates.
C. Photoionization cross section
The photoionization cross section of a subshell i at incident photon energy ω in is given by
where N i is the number of electrons in the subshell i, and l > is the greater of l i and l a . The energy E a (> 0) of a final state a is given by E a = E n i l i j i + ω, where the quantity E n i l i j i is an orbital energy level including relativistic energy corrections, Eq. (15). Here, u Eala is the continuum state with the positive energy E a , which is computed using the fourth-order Runge-Kutta method on a uniform grid [36, 37] . The selection rules are
Table II compares our results with the values calculated by using DFS [38] . The deviations between them are found to be larger for deep inner shells. Since relativistic energy corrections lower orbital energy levels, relativistic photoionization cross sections summed over different j's become bigger than those in the non-relativistic case. Note that Table II shows photoionization cross sections of the ground configuration of neutral Xe atom only.
For most multiple-hole states arising as a consequence of strong x-ray exposure, as discussed in Sec. II G, one cannot simply consult the literature. The Auger rate at which an initial hole in a subshell i is refilled by an electron from a subshell q or q ′ accompanied by the emission of an Auger electron from the subshell q or q ′ is given by [39] Γ i,qq ′ = 2πN
The kinetic energy of the Auger electron is given by
The constant N H i is the number of initial holes in the subshell i. Let N q be the number of electrons in the subshell q, then the quantity N′ is defined by
The function M J (aiqq ′ ) is defined by
where the coefficient τ is given by
The functions R k (aiqq ′ ) is defined by
where r > (r < ) is the greater (lesser) of r and r ′ , and the function A kJ (aiqq ′ ) is defined by
where the braces are 6j symbols, and
The fluorescence rate at which an initial hole in a subshell q is refilled by an electron from a subshell q ′ accompanied by the emission of a photon is given by
where N q ′ and N H q represent the number of electrons and holes in the subshells q ′ and q, respectively. Here it is assumed that the emitted photon is not polarized. The selection rules are It is important to realize that the Coster-Kronig channels of L 2 -L 3 X and M 2 -M 3 X are completely missing in the non-relativistic case, because they are energetically forbidden without the spin-orbit energy splitting.
F. Resonant photoexcitation cross section
We consider the cross section of a resonant excitation for a bound-to-bound transition from an initial to a final orbital, i → f ,
where the delta function represents the energy conservation law. The quantity ∆E f i represents the transition energy given by
Assuming that the photon energy spectrum is given by a Gaussian function,
where ∆ω in is the full-width-at-half-maximum (FWHM) of the photon-energy distribution function. Convolving the cross section with the spectral distribution profile of Eq. (24), we obtain
Replacing the subscript a with f in Eq. (17), we obtain the selection rules.
G. Rate equations for ionization dynamics
We employ a rate-equation approach to simulate x-ray multiphoton ionization dynamics [11, 12] . The eigenfunctions and energies of the HFS equation in Eq. (1) 
where P I is the population of the Ith electronic configuration and Γ I→I ′ is the transition rate from I to I ′ .
The dimension of the rate-equation system of Eq. (26) where n i is chosen from 0 to the maximum occupation number (n max i ) of the ith subshell, i.e., n 1 = 0, 1, 2; n 3 = 0, 1, · · · , 6; and so on. The sum of {n i } gives the total number of electrons: i n i = 54 − q. The number of all possible configurations, which is equal to the number of coupled rate equations that must be solved, is given by N config = i (n max i
+ 1).
For the Xe case, it gives 3 × (3 × 7) × (3 × 7 × 11) × (3 × 7 × 11) × (3 × 7) = 70 596 603. Table I in Ref. [19] ), even without consideration of relativistic effects.
Directly solving such a gigantic number of coupled rate equations is thus impractical.
Instead, we extend xatom to employ the Monte-Carlo method to solve Eq. (26) with pre-calculated tables of cross sections and rates, as previously demonstrated in Ref. [24] . Furthermore, the electronic structure, cross sections, and rates are calculated on the fly, only when a Monte-Carlo trajectory visits a new electronic configuration [17] . This MonteCarlo on-the-fly scheme dramatically saves computational effort, enabling us to explore very complicated ionization dynamics of heavy atoms. A detailed Monte-Carlo description for x-ray multiphoton ionization dynamics is found in Ref. [24] . A Monte-Carlo convergence is checked out at every 100 trajectories. When the absolute differences of charge state populations between current and previous checking points become less than 10 −4 (10 −5 for the 5.5 keV case in Sec. III A), the program terminates the Monte-Carlo calculation.
H. Comparison of computational times
Now we compare computational times for calculating x-ray multiphoton ionization dynamics, turning on and off relativistic and resonance effects. state. The maximum radius r max , the mapping parameter L, and the number of grid points N must be large enough to provide an accurate description of high-n Rydberg states. Thus, they must be varied and checked to obtain converged CSDs. At the same time, it is also necessary to restrict n max and l max when calculating Rydberg states. In principle, the orbital angular momentum quantum number l is given by 0 ≤ l ≤ n − 1, but in practice l max can be chosen much smaller than (n max − 1) for two reasons. First, single resonant excitation will increase (or decrease) l by ±1. Second, REXMI [16] involves multiply excited states and their autoionization, which could potentially give a high-l state. For example, a doubly excited state with two l = 3 excited electrons can decay into an l = 6 state, and another electronic decay from this state can increase l further. A rule of thumb is to choose l max higher than two times the highest l of the initially occupied subshells. Eventually l max as well as n max should be chosen as convergence parameters. We found that n max =21 and l max =6 are necessary to get converged results for the non-relativistic resonant case in the fluence regime used in Fig. 1 . Note that those are larger than the values (n max =10 and l max =4) used in Refs. [18, 19] . In Table IV , we list all computational parameters (N, L, r max , n max , and l max ) that we used for the x-ray multiphoton dynamics calculations presented in the following sections.
III. RESULTS
A. X-ray multiphoton ionization dynamics of Xe at 5.5 keV
We investigate x-ray multiphoton ionization dynamics of Xe at 5.5 keV, where theory predicted lower populations for high charge states in comparison with experimental data [17] .
It was speculated that this underestimation might be attributed to the lack of relativistic effects and shake-off processes in the theoretical model used. A 5.5-keV photon can ionize L-shell electrons, where the relativistic correction is a few hundred eV and the spin-orbit splitting of 2p is about 300 eV (see Table I ). Figure 2 shows the L-shell orbital energies of the ground configuration of Xe ions as a function of charge state. The non-relativistic calculations (2s and 2p) are plotted with lines and symbols, while the relativistic calculations (2s 1/2 , 2p 1/2 , and 2p 3/2 ) are plotted with lines only. For the whole range of charge states, the 2s 1/2 orbital energies are lower by about 400 eV than the 2s orbital energies, and the 2p orbital energies are split into the 2p 1/2 and 2p 3/2 by about 300 eV. Therefore, relativistic energy corrections may affect ionization dynamics in the following ways. First, the photoionization cross section of neutral Xe at 5.5 keV becomes higher because the ionization potential of 2s 1/2 is closer to the photon energy. Second, the spin-orbit splitting allows decay channels that are completely absent in the non-relativistic calculations, for example, the L 2 -L 3 X and M 2 -M 3 X channels in Table III . Both effects may enhance the degree of multiple ionization.
Third, the sequence of ionization events in the relativistic case stops earlier than that in the non-relativistic case. As shown in Fig. 2 , 2s photoionization at 5.5 keV stops at Xe
17+
in the non-relativistic case, whereas 2s 1/2 photoionization stops at Xe 5+ in the relativistic case. Note that this effect suppresses the yields of higher charge states, unless we consider resonance-driven processes beyond the direct one-photon ionization limit.
We plot the mean charge of Xe at 5.5 keV as a function of fluence for the four different cases (with/without relativistic effects and with/without resonance effect) in Fig. 3 . The pulse duration is 30 fs FWHM. The spectral bandwidth of the x-ray pulse is assumed to be 1% (55 eV) for the resonance calculations. All computational parameters used are listed in Table IV . One can see that the relativistic calculations (green and blue squares) yield higher mean changes than the non-relativistic calculations (red and orange circles). The difference in the mean charges is due to the difference in photoionization cross sections of neutral Xe at 5.5 keV: 0.166 Mb in the non-relativistic case and 0.186 Mb in the relativistic case. On the other hand, one can see counterintuitive results when the CSDs are examined. open circles), which is opposite to the expectation from Refs. [17, 24] that those for the relativistic calculation would be enhanced. Since direct one-photon ionization closes at +5 in the relativistic case, which is much earlier than +17 in the non-relativistic case, the ion yields in higher charge states are suppressed, even though the mean charge is enhanced. relativistic calculations (green and blue squares) are a bit higher than the non-relativistic calculations (red and orange circles). But the mean charges with resonances (orange filled circles and blue filled squares) exceed those without resonances in the high fluence regime, due to REXMI [15, 16] . At this photon energy with higher fluences, it is expected that the resonance effect is more pronounced than the relativistic effect.
The calculated CSDs of Xe at 1.5 keV are shown in Fig. 7 . A peak fluence of 1. Fig. 5 ).
However, our calculation with both relativistic treatment and resonant excitation illustrates that there is an interplay between the two effects. The relativistic calculation with resonances (blue filled squares) clearly shows higher populations than the non-relativistic calculation with resonances (orange filled circles) for highly charged ions beyond the direct one-photon ionization limit (+26). In the relativistic case, the REXMI mechanism starts earlier and the spin-orbit splittings increase chances to hit resonances. Therefore, relativistic effects can further enhance the REXMI effect, producing more high charge states.
IV. CONCLUSION AND PERSPECTIVE
In this paper, we have extended the xatom toolkit to a relativistic version in order to further study x-ray multiphoton ionization dynamics of Xe atoms in XFEL beams. This extension is considered to be important because relativistic effects on ion CSDs could become significant in heavy atoms. Our approach is to introduce leading-order relativistic energy corrections via perturbation theory, and cross sections and rates are correspondingly reformulated. We have confirmed that the calculated energy corrections, cross sections, and rates are in good agreement with the literature. Also we have extended xatom to include resonant photoexcitation processes in both non-relativistic and relativistic treatments.
We have calculated CSDs of Xe atoms after interacting with intense x-ray pulses at 5.5 keV and 1.5 keV, respectively. At the former photon energy, the ionization dynamics are influenced by relativistic effects, because deep inner-shell electrons are initially ionized. On the other hand, at the latter photon energy, the resonance effect plays a particularly impor- tant role in the ionization dynamics at high x-ray intensity. By using the extended xatom toolkit, we have examined the relativistic effect and the resonance effect separately, and have found a synergy effect when both of them are applied together in our calculations. We have demonstrated that, generally speaking, both effects must be taken into account in x-ray multiphoton ionization dynamics calculations. But do these effects resolve all discrepancies with experiment?
In Fig. 8 , we compare the experimental and present theoretical Xe CSDs, at 1.5 keV [16] and 5.5 keV [17] , respectively. The theory results shown include both relativistic and resonance effects. For this comparison we have performed the volume integration based on the x-ray beam parameters that were determined in each experiment. Our theoretical prediction still underestimates the yields of highly charged ions in the CSD at both photon energies.
This might be due to our mean-field approach and a lack of higher-order many-body processes such as shakeoff processes and/or double Auger decays in our theoretical approach.
The discrepancy between theory and experiment might also be attributed to uncertainties in the x-ray beam parameters, such as the spatial beam profile and spectral bandwidth.
Therefore, for a more quantitative understanding of x-ray multiphoton ionization dynamics, it is desirable to improve the theoretical treatment for x-ray-induced processes and the calibration of the x-ray beam parameters in experiment.
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